This paper concerns active vibration reduction of a flexible structure with discrete piezoelectric sensors and actuators in collocated pairs bonded to its surface. In this study, a new fitness and objective function are proposed to determine the optimal number of actuators based on variations in average closed loop dB gain margin reduction for all optimal piezoelectric pairs and the modes which required to be attenuated using the optimal linear quadratic control scheme. The aim of this study is to find the minimum number of optimally located sensor/actuator pairs, which can achieve the same vibration reduction as a greater number, in order to reduce the cost, complexity and power requirement of the control system. This optimisation was done using a genetic algorithm.
This paper concerns active vibration reduction of a flexible structure with discrete piezoelectric sensors and actuators in collocated pairs bonded to its surface. In this study, a new fitness and objective function are proposed to determine the optimal number of actuators based on variations in average closed loop dB gain margin reduction for all optimal piezoelectric pairs and the modes which required to be attenuated using the optimal linear quadratic control scheme. The aim of this study is to find the minimum number of optimally located sensor/actuator pairs, which can achieve the same vibration reduction as a greater number, in order to reduce the cost, complexity and power requirement of the control system. This optimisation was done using a genetic algorithm.
The technique is may be applied to any lightly damped structure, and is demonstrated here by attenuating the first six vibration modes of a flat cantilever plate. It is shown that two sensor/actuator pairs located and controlled optimally give almost the same vibration reduction as ten pairs. These results are validated by comparing the open and closed loop time responses and actuator feedback voltages for various numbers of piezoelectric pairs using the ANSYS finite element package and a proportional differential control scheme.
Reduction of structural weight, costs and complexity of control system in active vibration reduction of flexible structures
Introduction
Active vibration control of smart structures is achieved by measuring the vibration at a number of points and applying dynamic forces by actuators, normally collocated with the sensors to avoid spill over. The efficiency with which the vibration reduction is obtained depends on the number of sensor/actuator pairs, their location about the structure and the settings of the controller. This paper describes the optimisation of these parameters, leading to cost and weight reduction as well as reduction in control system complexity.
A few studies have investigated the optimal size and number of sensors and actuators. The optimal placement and size (length) of piezoelectric sensor/actuator pairs [1, 2] and feedback gain [3] were investigated for a beam based on the minimization of the optimal linear quadratic index and the maximization of the controllability index and energy dissipation as objective functions respectively. The optimal number and placement of piezoelectric actuators has been investigated for the active vibration control of trusses [4] [5] [6] and plates [7] .
Here, the eigenvalue distribution of the energy correlative matrix of control input force was presented to determine the required number of actuators, and a genetic algorithm found their optimal placement based on active vibration control effects as an objective function [4, 7] .
The optimal location and number of discrete actuators has been determined using a genetic algorithm with a fitness function based on energy degree of controllability and arbitrarily weighting factors [5] . Li et al proposed the use of a genetic algorithm for optimal placement and number of actuators in multi-storey buildings using the minimisation of the maximum top floor displacement of as an objective function [6] .
Previous studies [8] [9] [10] [11] [12] have investigated the active vibration reduction of a cantilever plate by various numbers of optimally placed sensors and actuators: six sensors and two actuators [8] , two sensor/actuator pairs [9] , six sensor/actuator pairs [10] and ten sensor/actuator pairs [11, 12] . In this paper, fitness and objective functions are proposed to optimize the placement, feedback gain and number of piezoelectric sensor/actuator pairs for flexible structures using the genetic algorithm. These are presented as applied to a cantilever plate and compared for effectiveness with previously published results.
Modeling
Finite element and Hamilton's principle have used to model a plate bonded with discrete piezoelectric sensor/actuator pairs using four nodes isoparametric element and equilibrium dynamic equations was written in state space form as [13] :
where , and are individual modal state, input actuator and output sensor matrices respectively and the subscript ( ) refers to mode number. Matrix is an open-loop massnormalised modal matrix obtained by solving the eigenvalue free damped problem and is a single vector of the modal coordinates. The matrices and are piezoelectric permittivity and electromechanical coupling matrices [13] .
Control law
In this work, optimal linear quadratic control was implemented to attenuate vibration, which is based on minimisation of the performance index J. Minimisation of this index was used to optimise the locations of sensors, actuators and feedback gain.
The weighted matrices of dimensions and of dimensions are positive definite or semi-definite Hermitian or real symmetric matrices where and represent the number of modes and actuators respectively. These matrices are managed the relative importance of error and controller energy, with high values of giving high vibration suppression and controller energy.
Ogata has shown that it is possible to follow this derivation to design a linear quadratic controller, which leads to the minimum quadratic performance index equation (7) and Riccati equations (8) and (9) [14] :
Solution of the reduced Riccati equation (8) gives the value of the Riccati matrix ; if matrix is positive definite then the system is stable or the closed loop matrix is stable.
This means that the real part of the closed loop poles of are negative and the poles located on the left hand side of the s-plane. Optimal feedback control gain can be obtained after substitution of the matrix in equation (9).
Fitness and objective function: first stage
Minimisation of the linear quadratic index was implemented by Kondoh as an objective function to optimise actuator location and feedback gain for a flexible beam [15] . The performance index depends on actuator location and initial state conditions according to equation (7) . The effect of initial state conditions was reduced by taking the average cost function [11, [16] [17] [18] , giving:
where structure dimensions
It can be seen from the Riccati equation (8) that the Riccati solution matrix P is a function of the actuator location represented by matrix while the matrices and are constant for a particular control system. A range of high and low values of can be gained by changing the location of actuators in matrix However, the optimisation of controller gain and the locations of the actuators require a lower value of , and it is difficult to find the correct the actuator matrix using trial and error or simple optimisation methods especially when the optimisation problem has a very large number of candidate solutions. In this context, a genetic algorithm was implemented, which is a powerful optimisation method depending on fitness and objective functions in finding an optimal solution.
Fitness and objective function: second stage
A second stage of optimisation is based on the development of new fitness and objective functions in order to find the optimal number of actuators by measuring the variation of closed loop average dB gain reduction for all optimal sensor/actuator pairs and for all the required modes to be attenuated using the optimal linear quadratic index. These fitness and objective functions lead to a system with low weight, cost and system complexity. The second stage of optimisation is based on the following assumptions:
1. The optimal locations of sensor/actuator pairs n sa , n sa+1 , , , n sa+n and optimal feedback gain are determined based on the previous section using equation (11) and genetic algorithms placement strategy as explained in the next section .
2. A disturbance sinusoidal voltage of unit amplitude is applied at the first optimal actuator or a specified actuator throughout the optimisation as a reference for comparison.
3. The variation of average closed loop gain reduction for the first number of piezoelectric pairs in the optimal location (fitness value) equals 100% compared with the open loop gain reduction (or no sensor/actuator).
Take the Laplace transform of equations (1) and (2):
The open loop transfer function of a system in the frequency domain is:
The open loop dB gain for the sensor as a result of the unit voltage applied to the first actuator at the specified natural mode is:
The average open loop dB gain for all sensors and modes due to applying the sinusoidal unit voltage at a specified single actuator is: The closed loop dB gain for a single sensor j as a result of applying the unit sinusoidal voltage disturbance at a specified single actuator and for a single mode i is:
The mean average closed loop dB gain for all sensor/actuator pairs and modes as a result of applying the unit voltage disturbance at a specified single actuator for different values of linear quadratic weighted matrices is:
where refers to the average closed loop dB gain for all sensor/actuator pairs as a result of applied the unit voltage at a specified actuator at all natural frequencies for three values of linear quadratic weighted matrix settings. These weighted matrices select one, two or three setting values shown in equation (9) depending on a designer in order to get more accurate results and system behaviour. The average closed loop dB gain reduction MGR for an arbitrary number of piezoelectric pairs located at optimal locations is equal to the absolute difference in value between the open and closed loop dB gain:
The developed fitness function is a percentage of the variation of the closed loop dB gain margin of a number of sensor/actuator pairs and bonded at optimal locations on a flexible structure. The fitness function mathematically represents by the ratio of the difference in average closed loop dB gain reduction for a structure bonded with numbers of optimal piezoelectric pairs equal to and divided by the average closed loop dB gain reduction for an optimal piezoelectric pair equal to ( ).
The fitness function MGV represents the percentage of closed loop gain marginal improvement over a given number of optimally located sensor/actuator pairs n sa by the addition of one more pair. The optimum is taken as the smallest number of pairs for which this improvement is less effective when MGV less than 20%".
According to the objective function equation (22), the optimal number of piezoelectric actuators is selected at fitness value ( ) less or equal to 20%, which could be varied by the designer depending on the requirements of the system.
The expected relationship between the average closed loop dB gain reduction MGV and the number of sensor/actuator pairs n sa is represented in figure (1). It can be seen that the curve is divided into three zones a, b and c. The first zone a is considered to be the active zone limited to between 100% and 20% of MGV. The active zone is considered as a highly progressive zone which gives a sensibly increasing closed loop vibration reduction with increasing numbers of optimally placed sensor/actuator pairs. The second zone b is an important transition zone between the active zone a and the passive zone c, limited to between 20% and 0% MGV. In this zone, the variation in closed loop vibration reduction is low. The final and biggest zone c is a passive zone with no variation in closed loop vibration reduction irrespective of the number of sensor/actuator pairs. The passive zone c involves merely drawback effects, by increasing the weight of the structure, the cost of materials, and the complexity of the control system.
Genetic algorithm
In 1975, Holland invented the genetic algorithm, which is a superior guided random method based on the principle of survival of the fittest or natural evolution theory used to find optimal solutions. It has been continuously improved and is now a powerful method for searching for optimal solutions. In this work, the optimisation technique used is composed of two stages. The authors have proposed a placement strategy to optimise the location of discrete actuators and the feedback gain matrix using genetic algorithms [13] , and this is used as a first stage of this study and summarised by the following points. These are called parents. The remaining, less fit, chromosomes are discarded.
7. The members of the breeding population are paired up in order of fitness and 50%
crossover is applied to each pair; the crossover point being selected randomly and is different for each parent. This gives two new offspring (child) chromosomes with new properties.
8. A mutation rate of 5% is used on the child chromosomes.
9. The new chromosomes are filtered for repeated genes. It is a physical requirement of this work that there be a number of sensor/actuator pairs, so more than one gene for a particular location would be meaningless and disrupts the path to the optimal solution. 3. The area of the first optimal sensor/actuator pair is divided into five segments as a percentage from 4% to 100% in order to achieve more precise results as shown in the first part of table (4).
The fitness function is calculated according to equation (22).
5. If the fitness value is less than or equal to 20%, then the process is halted and the previous chromosome is taken to represent an optimal number and location of piezoelectric pairs according to the objective function in equation (22). Otherwise, the first step is repeated with a greater number of actuators until the condition of the objective function is achieved.
Results and discussion

Research problem
The technique was applied to a flat plate of dimensions mm constrained on one edge as a cantilever as shown in Figure ( 2). The plate is discretised into one hundred elements in a matrix, sequentially numbered from left to right and down to up as shown in Figure ( 2). The properties of plate and piezoelectric materials are given in Table 1 .
The results of the first six natural frequencies using the ANSYS finite element package are shown in Table 2 and validated experimentally. These results are used to build the state space matrices of the control system based on plate discretisation of ( ) elements according to the equations (4) and (5). 
Optimisation of piezoelectric location
The genetic algorithm described in section 6 was used to find the optimal locations and feedback gain for different numbers of sensor/actuator pairs on the same 0.5m square cantilever plate. Optimal placements for up to ten sensor/actuator pairs are shown in Figure   ( 3). It may be seen that in all cases the optimum locations for n sensor/actuators were also members of the optimal set for n+1, and that the improvement in attenuation for an added sensor/actuator quickly falls off with added numbers. 
Optimisation of number of actuators
The second stage of the genetic algorithm is the determination of the optimal number of actuators based on measuring the variation in the average closed loop gain reduction for all optimal sensor/actuator pairs according to the fitness equation. A measure of the closed loop dB gain margin reduction over the whole plate is obtained by taking the average vibration reduction for all sensors and modes as described in Section 6. Table ( The results are represented in Figure ( that the optimal number of piezoelectric sensor/actuator pairs lies between one and three, depending on the marginal improvement required.
Validation of the optimal location and number of sensor/actuator pairs
The results in Section 7.3 are compared with previous published studies [11, 12] . These apply an alternative optimisation process to the same cantilever plate with sensor/actuator pairs of the same dimensions as in the current work and so are directly comparable. However, they used an arbitrary number of sensor/actuator pairs and optimised just the locations of ten pairs and feedback gain to suppress vibration. In this study, the result shows that the collective optimisation of number of sensor/actuator pairs in addition to their locations and feedback gain are given high reduction in material cost, structural weight and complexity of control system at the same level of vibration reduction as using more pairs. In this section the These ANSYS results shown in the Figs (5) to (8) are summarised in tables (4) and (5) for the first and second mode respectively. It can be seen from table (4) that there is a very large vibration reduction of 89.28% at the first mode using a single sensor/actuator pair, while a further improvement to 95.71% occurs using two pairs. However, negligible further reduction is achieved with more than two pairs. On the other hand, the overall actuator feedback voltage is increased by 64.7% at the first mode using five actuators compared with that using a single optimally placed sensor/actuator pair. It can be concluded from this section that increasing in the number of sensor/actuator pairs gives little advantage provided they are correctly located. On the contrary, they add weight to a light weight structure, and increase the cost of the control system and its complexity. In addition, they are likely to have a significantly greater power consumption. 
Conclusion
In this study, new fitness and objective functions are proposed to optimise structural weight, costs and control system complexity in active vibration control of a smart structure by using a minimum number of sensors and actuators optimally placed by means of a genetic algorithm.
The sensor/actuator placement and feedback gains are optimised by minimisation of the linear quadratic index as an objective function in the first stage of the genetic algorithm. The fitness and objective functions are developed to determine the optimal number of piezoelectric actuators based on variations in closed loop dB gain margin reduction with respect to the number of optimally located piezoelectric pairs taking the average effects of all optimal piezoelectric pairs and all modes required to be attenuated. It is shown that a few sensor/actuator pairs gives effective vibration reduction over the first six modes, where just two pairs in optimal locations give almost the same level of attenuation as up to five pairs.
This leads to a potential saving in weight and cost of smart structures with active vibration control.
